Recently, a non-trivial 4D Einstein-Gauss-Bonnet (EGB) theory of gravity, by rescaling the GB coupling parameter as α/(D − 4), was formulated in [D. Glavan and C. Lin, Phys. Rev.
I. INTRODUCTION
String theories, in the low-energy limits, give rise to the effective field theories of gravity such that the Lagrangian for these theories contains terms of quadratic and higher orders in the curvature in addition to the usual scalar curvature term [1] . Further, the gravitational action may be modified to include the quadratic curvature correction terms while keeping the equations of motion to second order, provided the quadratic terms appear in specific combinations corresponding to the Gauss-Bonnet (GB) invariants defined by [2] 
and such a theory is termed as D ≥ 5 dimensional Einstein Gauss-Bonnet (EGB) gravity theory with the D − 4 extra dimensions. It turns out that the four-dimensional GB term arises as the next to leading order correction to the gravitational effective action in string theory [1] . The EGB gravity is a special case of the Lovelock theory of gravitation [3] . Since its equations of motion have no more than two derivatives of the metric, it has been proven to be free of ghosts [4] . Boulware and Deser [4] , independently by Wheeler [5] , found exact black hole solutions in EGB gravity theories, which are generalizations of the Schwarzschild-Tangherlini black holes [6] . However, the GB term (1) is a topological invariant in 4D as its contribution to all components of Einstein's equations are in fact proportional to (D − 4), i.e, it does not contributes to the equations of motion and one requires D ≥ 5 for non-trivial gravitational dynamics.
However, it was shown by Glavan and Lin [7] that by re-scaling the GB coupling constant, in the EGB gravity action, as α → α/(D − 4), the GB invariant makes a non-trivial contribution to the gravitational dynamics even in the D = 4. This is evident by considering maximally symmetric spacetimes with curvature scale K
obviously the variation of the GB action does not vanish in D = 4 because of the re-scaled coupling constant [7] . This 4D EGB gravity has already attracted much attentions and being extensively studied [8] . The Boulware and Deser [4] version of the spherically symmetric static black hole to the 4D EGB gravity was obtained in [7] , which was also extended to the charged case [9] ; this kind of solution for the Lovelock gravity has been obtained in Ref. [10, 11] . The corresponding black holes in a string cloud model was considered in [12] .
Also, nonstatic Vaidya-like spherical radiating black hole solutions have been obtained in 4D EGB gravity [13] . More black hole solutions can be found in Refs. [14] [15] [16] [17] [18] [19] [20] . Study of photon geodesics and the effects of GB coupling parameter on the shadow of 4D EGB black hole is presented in Ref. [18, 19, 21, 22] Gravitational lensing is one of the most powerful astrophysical tools for investigations of the strong-field features of gravity. Motivated by the pioneering work of Darwin [23] , strong gravitational lensing by compact astrophysical objects with a photon sphere, such as black holes, has been extensively studied. The deflection of electromagnetic radiation in a gravitational field is commonly referred to as the gravitational lensing and an object causing a deflection is known as a gravitational lens. Virbhadra [24] studied the strong-field situation to obtained the gravitational lens equation using an asymptotically flat background metric and also analyzed the gravitational lensing by a Schwarzschild black hole. The results have been applied to the supermassive black hole Sgr A* using numerical techniques [24] .
Later on, using a different formulation, an exact lens equation and integral expressions for its solutions were obtained [25] . However, it was Bozza et al. [26] who first defined the strong-field deflection limit to analytically investigate the Schwarzschild black hole lensing.
This technique has been applied to static, spherically symmetric metrics which includes Reissner−Nordstrom black holes [27] , braneworld black holes [28, 29] , charged black hole of heterotic string theory [30] , and was also generalized to an arbitrary static, spherically symmetric metric by Bozza [31] . On the other hand, lensing in the strong gravitational field is a powerful tool to test the nature of compact objects, therefore, it continues to receive significant attention, and more recent works include lensing from other black holes [32, 33] .
However, the qualitative features in lensing by these black holes, in the presence of a photon sphere, is similar to the Schwarzschild case. Also, strong gravitational lensing from various modifications of Schwarzschild geometry in modeling the galactic center has been studied, e.g., lensing from regular black holes was studied in [34] .
The aim of this paper is to apply the prescription of Bozza et al. [31] 
where g is the determinant of metric tensor g µν , R is the Ricci scalar, α is the GB coupling constant considered to be positive and G is the GB quadratic invariant term solely constructed from the curvature tensors invariants [2] . The 4D EGB theory is defined in the limit of D → 4 at the level of equations of motion rather than in action, thereby the GB term makes a non-trivial contribution in gravitational dynamic [7] . The static spherically symmetric black hole solution in 4D EGB theory is given as [7] 
with
Here M is the black hole mass parameter and G is the Newton's gravitational constant which is set to unity hereafter. Two different branches of solutions correspond to the " ± " sign in Eq. (5) . At large distances, Eq. (5) reduces to
we will be focusing only on the negative branch that asymptotically goes over to the Schwarzschild black hole with correct mass sign [7] . In the limit of vanishing GB coupling constant, α → 0, the metric (4) with f − (r) in Eq. hole metric. It is convenient to redefine the metric (4) using the dimensionless variables as follow [31] 
where we have defined
and accordingly the metric (4) modifies to
The event horizon is the largest positive root of g rr = 0, i.e., horizon radii can be determined by solving
which admits solutions
Depending on the values ofα and M, Eq. (10) has upto two real positive roots corresponding to the inner Cauchy horizon (x − ) and outer event horizon (x + ). It turns out that A(x) = 0 has no solution ifα >α E i.e., no black hole exists. Whereas, it has one double zero if α =α E , and two simple zeros ifα <α E (cf. Fig. 1 ), corresponding, respectively, 4D EGB black hole with degenerate horizon (x − = x + ≡ x E ), and a non-extremal black hole with two horizons (x − = x + ). The event horizon radii decrease whereas Cauchy horizon radii increase with increasingα (cf. Fig. 1 ).
III. STRONG GRAVITATIONAL LENSING
In this section, we focus on the gravitational deflection of light in the static spherically symmetric 4D EGB black hole spacetime (7) and consider the propagation of light on the equatorial plane (θ = π/2), the metric (7) reduces to
Since the spacetime is static and spherically symmetric, the projection of photon fourmomentum along the Killing vectors of isotmetries are conserved quantities, namely the energy E = −p µ ξ µ (t) and angular momentum L = p µ ξ µ (φ) are constant along the geodesics, where ξ µ (t) and ξ µ (φ) are, respectively, the Killing vectors due to time-translational and rotational invariance [35] . This yields
where τ is the afine parameter along the geodesics. Using Eq. (13) for the null geodesics equation ds 2 = 0, we obtain dx dτ
The radial effective potential V eff (x) = L 2 A(x)/C(x) describes the different kinds of possible orbits. In particular, photons simply move on circular orbits of constant radius x m , at points where the potential is flat
solving which, gives the radius of photon circular orbits x m ; at x = x m potential has a unique maximum. These orbits are unstable against small radial perturbations, which would finally drive photons into the black hole or toward spatial infinity [35] . Due to spherical symmetry, these orbits are planer and generate a photon sphere around the black hole. Photons, coming from the far distance source, approach the black hole with some impact parameter and get deflected symmetrically to infinity, meanwhile reaching a minimum distance near the black hole. The impact parameter u is related to the closest approach distance x 0 , which follows from intersecting the effective potential V eff (x) with the energy of photon E 2 , this reads as
For x 0 = x m , the corresponding impact parameter is u m . The gravitational deflection angle of light is described as the angle between the asymptotic incoming and outgoing trajectories, and reads as [24, 36] 
where
It is worthwhile to note here that the impact parameter coincides with the distance of closest approach only in the limit of vanishing deflection angle. Due to spacetime symmetries, the total change in φ as x decreases from ∞ to its minimum value x 0 and then increases again to ∞ is just twice its change from ∞ to x 0 . In the absence of a black hole, photons will follow the straight line trajectory and this change in φ is simply π and therefore by Eq. (17) the deflection angle is identically zero . The deflection angle α D (x 0 ) monotonically increases as the distance of minimum approach x 0 decreases, and becomes higher than 2π resulting in the complete loops of the light ray around the black hole before escaping to the observer for x 0 ≃ x m (or u ≃ u m ) and leads to the set of infinite or relativistic source's images [24, 36] . Only for the x 0 = x m (or u = u m ), deflection angle diverges logarithmically, whereas, photons with impact parameters u < u m get captured by the black hole and fall into the horizon. We consider the sign convention such that for α D (x 0 ) > 0, light bend toward the black hole, whereas for α D (x 0 ) < 0, light bend away from it. We are interested in the deflection of light in the strong-field limit, viz., light rays passing close to the photon sphere. In the strong deflection limit, we can expand the deflection angle near the photon sphere, where it diverges [31] . For this purpose, we define a new variable [31] the integral (17) can be re-written as
where functions without subscript "0" are evaluated at
Performing the Taylor series expansion of the function inside the square root of Eq. (22), we get
In Eq. (20), R(z, x 0 ) is regular for all values of z and x 0 , however, f (z, x 0 ) diverges for x = x 0 or z → 0. With the above given definitions, the integral in Eq. (17) can be split into two, diverging and regular, parts as follows [31] I(
The 27) and (28), the deflection angle can be simplified as [31] α
Hereā andb are called the strong deflection limit coefficients, which depend on the metric functions evaluated at the x m . We plottedā andb as a function of GB coupling constant α in Fig. 2 . It is evident thatā increases whereasb decreases with theα, such that in the limitα → 0, they smoothly retain the values for the Schwarzschild black hole, viz., a = 1 andb = −0.4002. The deflection angle α D (u) for the static spherically symmetric EGB black hole (4) in the strong deflection limits is calculated and plotted as a function af impact parameter u for various values ofα in Fig. (3) . The deflection angle α D (u) diverges for u = u m and steeply falls with u (cf. Fig. 3 ). It is evident that for fixed values of u, deflection angle decrease with increasing GB coupling parameterα. It is worthwhile to note that the presented results are valid only in the strong deflection limit u u m , whereas for u >> u m , the strong deflection limit is not a valid approximation. There exist a value of a relation between the observational setup geometry, namely the positions of source S, observer O and the black hole L in a given coordinate system, and the position of the lensed images in the observer's sky, is given by [26] tan
where β and θ are the angular separations, respectively, of the source and the image from the black hole. The distance between the source and black hole is D LS , whereas distance from the source to the observer is D OS ; all distances are expressed in terms of the Schwarzschild radius
x. Photon emitted with a impact parameter u from the source approaches the black hole and is received by an observer. The deflection angle α D is identified as the angle between the tangents to the emission and detection directions. Since it diverges for u = u m and the light rays perform several loops around the black hole before escaping to the observer, therefore, we can replace α D by 2nπ + ∆α n , where n is the positive integer number corresponding to the winding number of loops around black hole and ∆α n is the offset of the deflection angle.
For the case of far distant observer and the source and their nearly perfect alignment with the black hole, the lens equation (31) can be simplified as [26, 37] 
However, the lens equation has also been defined in more general setup [25, 27, 29, [38] [39] [40] [41] . One can notice that in Eq. (32), only the offset angle ∆α n comes into the lens equation rather than the complete deflection angle. To get the offset deflection angle for n th relativistic image, ∆α n , we first solve the α D (θ 0 n ) = 2nπ, where θ 0 n is the image position for the α D = 2nπ, this yields
Now, making a Taylor series expansion of the deflection angle about (θ 0 n ) to the first order, gives
using ∆θ n = θ − θ 0 n and the deflection angle Eq. (29), the Eq. (35) becomes
Neglecting the higher-order terms, the lens equation finally gives the position of n th image [31] θ n ≃ θ 0 n +
for β = θ 0 n , viz., the image position coincides with the source position, the correction to the n th image position identically vanishes. The Eq. (37) gives source's images on the same side of source (θ > 0). However, we can replace β by −β in order to get the images on the other side. The brightness of the source's images will be magnified due to the gravitational lensing, the magnification of n th loop image is defined as [31] 
The brightness magnification decreases steeply with the order n of the images, such that unless the source is almost perfectly aligned with the black hole and the observer, these images will be very faint as a result of high demagnification. Also Eq. single image from the remaining inner packed images θ ∞ , we can have three characteristic observables [31] 
a , r mag = 2.5 log(r) = 5π a ln 10
.
Here, θ ∞ is the angular radius of the photon sphere, i.e., the position of the innermost packed images, s is the angular separation between the one-loop image and the images at θ ∞ , and r is the ratio of the brightness flux from the outermost relativistic image at θ 1 to those from the remaining relativistic images at θ ∞ . It must be noted that, in contrary to θ ∞ and s, r mag is independent of the black hole distance from the observer.
Now, Considering the supermassive black hole candidates at the galactic center of the
Milky-Way and the near-by galaxy Messier 87, respectively, Sgr A* and M87*, as the static spherically symmetric EGB black hole described by metric (4), we calculate the corresponding lensing observables. Based on the latest observational data, we have taken their masses and distances from the Earth as, M = 3.98 × 10 6 M ⊙ and D OL = 7.97 kpc for Sgr A* [42] , and M = (6.5 ± 0.7) × 10 9 M ⊙ and D OL = (16.8 ± 0.8) Mpc for M87* [43] . It is interesting to estimate the correction due to the GB coupling parameterα by comparing the results of EGB black hole with those for the Schwarzschild black hole (cf. Table I and   Table II ). The lensing observables for the Sgr A* and M87* black holes are shown in Fig. (4) as a function ofα. Figure (4) clearly infers that the relativistic images have largest angular separation for small values ofα. By measuring the lensing observables, namely θ ∞ , s, and r, for the EGB black hole and inverting the Eqs. (40) and (41), we can calculate the strong deflection coefficientsā andb. The theoretically predicted values can be compared with the values inferred from the observational data to find the black hole parameters.
Lensing observablesα = 0α = 0.005α = 0.01α = 0.015α = 0.019 
V. WEAK GRAVITATIONAL LENSING
Gibbon and Werner [44] invoked the Gauss-Bonnet theorem, in the context of optical geometry to calculate the deflection angle of light in the weak-field limits of the spherically symmetric black hole spacetime [45] . Later, considering the source and observers at finite distances from the black hole, corrections in the deflection angle due to static spherically symmetric black hole were calculated by Ishihara et al. [46] , which is further generalized by Ono et al. [47] for the stationary and axisymmetric black holes. Since then, their method have been extensively used for varieties of black hole spacetimes [48] . We follow their approach to calculate the light deflection angle in the weak-field limit caused by the static and spherically symmetric EGB black hole.
Considering a coordinate system centered at the black hole (L), and assuming the observer (O) and the source (S) at the finite distances from the black hole (cf. Fig. 5 ), we can define the deflection angle at the equatorial plane as follow [46, 47] 
where, Φ OS is the angular separation between the observer and the source, Ψ S and Ψ O , respectively, are the angle made by light rays at the source and observer. The quadrilateral
S , which is made up of spatial light ray curves from source to the observer, a circular arc segment C r of coordinate radius r C (r C → ∞), and two outgoing radial lines from O and S, is embedded in the 3-dimensional Riemannian manifold (3) M defined by optical metric γ ij (cf. Fig. 5 ). The surface integral of the Gaussian curvature of the two-dimensional surface of light propagation in this manifold gives the light deflection angle [46, 47] Solving Eq. (4) for the null geodesics ds 2 = 0, we get
Gaussian curvature of the surface of light propagation is defined as [49] 
where γ = det(γ ij ). For EGB black hole metric (4), in the weak-field limits, Eq. (46) simplifies to
The surface integral of Gaussian curvature over the closed quadrilateral ∞
where r 0 is the distance of closest approach to the black hole. In the weak-field approximation, the light orbits equation can be consider as [50] b
where b = 1/r, and u is the impact parameter. The integral Eq. (48) can be recast as
which for the metric Eq. (45) reads as
where, b o and b s , respectively, are the reciprocal of the the distances of observer and source from the black hole, i.e., b o = 1/r o and b s = 1/r s . We have used the approximation
s , the relative negative sign is because the source and the observer are at the opposite sides to the black hole. In the limits of far distant observer and source, b o → 0 and b s → 0, the deflection angle for the EGB black hole in the weak-field limits reads as follows
Further, in the limiting case of α = 0, it reduces as
which corresponds to the value for the Schwarzschild black hole [24, 50] . In terms of the normalized impact parameter and GB coupling parameter, u → u/M and α →α = α/M 2 , the deflection angle Eq. (52), reads as
It is clear from Eq. (54), that the GB coupling parameterα decrease the deflection angle, i.e., in the weak-field limits the EGB black hole leads to smaller deflection angle than the Schwarzschild black hole. We presented the correction in the deflection angle δα D = α D − α D | Schw due toα in Table III for various values of impact parameter u. Table III infers that, for fixed value of impact parameter u, the correction δα D increases with theα and is of the order of micro-arc-second. However, for a fixed value ofα, δα D decreases with u. Gravitational lensing is unequivocally a potentially powerful tool for the analysis of strong fields and for testing general relativity. The strong field limit provides a useful framework for comparing lensing by different gravities, the 4D novel EGB gravity is a very interesting model to consider and discuss the observational signatures this quadratic curvature corrected gravity has than the Schwarzschild black hole of general relativity. In view of this, we investigated the gravitational lensing of light around the 4D EGB black hole in the strong deflection limits. Depending on the value of impact parameter u, photons get deflected from their straight path and leads to the multiple images of source, and for the particular value of u = u m , photons follow the circular orbits around the black hole and deflection angle diverges. It is found that the static spherically symmetric EGB black holes lead to smaller deflection angle as compared to the Schwarzschild black hole value, and the deflection angle decreases with the GB coupling parameterα. The effect ofα on the deflection angle immediately reflect on the relativistic images. Considering the observer and the light source at far distances from the black hole, we calculate the observables for the strong lensing, namely the angular separation between the relativistic source's images and the relative brightness magnitude of the first image. It is noted that, with the increasing GB coupling parameter, the photon circular orbits radii decrease, the angular separation between the set of source images increase, whereas the brightness magnitude decrease.
We modeled the supermassive black hole candidates, Sgr A* and M87*, as the 4D EGB black hole and calculate the lensing observables. The corrections in the angular separation of the images due to the GB coupling parameter is of the order of micro-arc-seconds, which is within the limit of current observational outreaches. The weak gravitational lensing around EGB black holes is also discussed and corrections in the deflections angle due tõ α are calculated, which increase withα. Investigation of the gravitational lensing around the rotating EGB black holes in the strong and weak field limits is the topic of our future investigation.
